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Abstract
If R is a commutative Noetherian regular ring containing a eld and I is an ideal of R, it
is known that every local cohomology module of R with support in I has nite Bass numbers
and a nite set of associated primes. However, the previously available proofs of this result
were completely dierent from each other in characteristic p> 0 and in characteristic 0. The
purpose of this paper is to give a characteristic-free proof of this result modulo a result from
the theory of D-modules which has a completely characteristic-free statement but for which we
do not know a characteristic-free proof. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 13D45; 13E99; 13N99; 16S32
0. Introduction
Throughout this paper R is a commutative Noetherian regular ring containing a eld
k. If Y SpecR is a locally closed subset and M is an R-module, we denote by HiY (R)
the ith local cohomology module of M with support in Y . If Y is a closed subset of
SpecR dened by an ideal I R, we denote HiY (M) by HiI (M). If Y 0Y 00 are two
closed subsets of SpecR, there is a long exact sequence of functors
0! H 0Y 0(−)! H 0Y 00(−)! H 0Y (−)
! H 1Y 0(−)! H 1Y 00(−)! H 1Y (−)!   
()
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We denote by T any functor of the form T =Tt Tt−1     T1, where each functor Tj
appearing in this composition is either HijYj (−) for some locally closed subset Yj of
SpecR, or the kernel, image or cokernel of some arrow from () with Y 0=Y 0j ; Y 00=Y 00j
some closed subsets of SpecR. The following properties of modules of the form T (R)
are known:
(i) inj:dimR T (R)  dim SuppR T (R). In particular, if dim SuppR T (R)=0, then T (R)
is an injective R-module [4, 3.9; 5, 3.4b; 6, 1.5].
(ii) The set of the associated primes of T (R) contained in a xed maximal ideal of
R is nite [4, 2.3; 5, 3.4c; 6, 2.14].
(iii) All the Bass numbers [1] of T (R) are nite [4, 2.1; 5, 3.4d; 6, 2.14].
(i) { (iii) have been originally proven by two completely dierent methods in chara-
cteristic p> 0 [4,6] and in characteristic 0 [5]. These proofs use the Frobenius
morphism in characteristic p> 0 and D-modules in characteristic 0. A characteristic-
free proof of (i) using D-modules was given in [7, Corollary 2].
The purpose of this short note is to give new proofs of (ii) and (iii) which are
characteristic-free modulo a known result on D-modules which we state as Coro-
llary 3. However, while the statement of Corollary 3 is completely characteristic-free,
we do not know a characteristic-free proof of it.
1. Preliminaries
A k-linear dierential operator of order 0 is a map ~r : R! R which is the multipli-
cation by some element r 2 R. If n is a positive integer, a k-linear dierential operator
of order  n is a k-linear map  : R ! R such that the commutator   ~r- ~r   :
R ! R is a k-linear dierential operator of order  n − 1. The k-linear dierential
operators of order  n form an R-module which we denote Dn(R; k). If 2Dn(R; k)
and 0 2 Dm(R; k), then   0 2 Dm+n(R; k), so the union of all Dn(R; k) forms a ring
with product dened via the composition. We denote this ring by D(R; k). The map
R
r 7! ~r−!D(R; k) makes D(R; k) into an R-algebra. In the sequel a D(R; k)-module always
means a left D(R; k)-module.
Remarks 1. (a) A D(R; k)-module structure on M induces a D(R; k)-module struc-
ture on T (M) for every T and on MS for every multiplicatively closed set S R
[6, 5.1]; in particular, the natural D(R; k)-module structure on R induces a structure of
D(R; k)-module on T (R) and on RS . In the sequel T (R) and RS are always regarded
as D(R; k)-modules in this natural way.
(b) Let B(R) = R ⊗k R. We regard B(R) as an R-algebra via the homomorphism
R
r 7!r⊗1−−−!B(R). Let I(R)B(R) be the kernel of the homomorphism B(R) r1⊗r2 7!r1r2−−−−−!R
and let Bj(R)=B(R)=I(R) j. According to [3, 16.8.4], there is an R-module isomorphism
(R) : HomR(Bj(R); R)
f 7!fd j(R)−−−−−−!Dj(R; k);
where dj(R) : R
r 7!1⊗r−−−!Bj(R) is a k-linear map.
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If R is m-adically complete, where mR is an ideal, for each R-module M we set
M =M=(\smsM) to be the maximal m-adically separated quotient of M . Since R is
m-adically separated, every f 2 HomR(M;R) factors through M, i.e. letting dj(R;m) :
R! Bj(R) be the composition of dj(R) with the natural surjection Bj(R)! Bj(R),
we get an R-module isomorphism
(R;m) : HomR(Bj(R); R)
f 7!fdj(R;m)−−−−−−−!Dj(R; k):
(c) Let m be an ideal of R and let R1 be the completion of R with respect to m.
Each  2 Dj(R; k) is m-adically continuous (since (ms)ms−j, as is easy to see
by induction on s + j), so  extends uniquely to an element 0 2 Dj(R1; k). Thus,
we get an R1-module homomorphism j(R;m) : R1 ⊗R Dj(R; k)
r⊗7!r0−−−−!Dj(R1; k). We
claim that if Bj(R) is a nite R-module (which happens, for example, if R is a nitely
generated k-algebra), then this map is an isomorphism.
Indeed, let R0 =R; and Bi=B(Ri); Ii= I(Ri); B
j
i =B
j(Ri) for i=0; 1. The natural in-
clusion  :R0 ! R1 induces an inclusion  :B0 ⊗! B1 which induces a map j :Bj0 ! Bj1
which induces a map R1⊗R0Bj0
r⊗b 7!rj(b)−−−−−!Bj1 which, composed with the natural surjection
Bj1 ! (Bj1), produces a map  j :R1 ⊗R0 Bj0 ! (Bj1). It is shown in the next para-
graph that  j is an isomorphism. Considering the isomorphisms (R) and (R1; mR1),
to show that j(R;m) is an isomorphism, it is enough to show that the composi-
tion R1⊗R0 HomR0 (Bj0 ; R0)
r⊗f 7!(r0⊗b7!rr0f(b))−−−−−−−−−−−−!HomR1 (R1⊗R0Bj0 ; R1)! HomR1 ((Bj1); R1),
where the second map is induced by the inverse of  j, is an isomorphism. Since the
second map in this composition is induced by an isomorphism, it is an isomorphism.
Since Bj0 is a nite R0-module, the rst map is an isomorphism as well, so the com-
position is an isomorphism, i.e. j(R;m) is an isomorphism.
It remains to show that  j is an isomorphism. Setting m0 = m and m1 = mR1, it
is enough to prove that the map j;s :B
j
0=m
s
0B
j
0 ! Bj1=ms1Bj1 induced by j, is bijective
for all s. If r1; : : : ; rj 2 msi , then 1 ⊗ (r1    rj) = 0 in Bji =msiBji , because rv ⊗ 1 = 0
for v = 1; : : : ; j, so 1 ⊗ (r1    rj) = (1 ⊗ r1 − r1 ⊗ 1)    (1 ⊗ rj − rj ⊗ 1) 2 I ji . Hence
1⊗mjsi = 0 in Bji =msiBji . Since msi ⊗ 1 = 0 in Bji =msiBji , the map j;s is induced by the
natural map Bj(R0=m
js
0 )! Bj(R1=mjs1 ) which is an isomorphism, since R0=mt0 ! R1=mt1
is an isomorphism for every t. Hence j;s is an isomorphism.
(d) If R= k[X1; : : : ; Xn] is a polynomial ring in X1; : : : ; Xn, let Dt; i, where 0  t <1
and 1  i  n, be the dierential operator that commutes with Xj for all j 6= i
and Dt; i(X si ) =
( s
t

X s−ti . Thus Dt; i is the characteristic-free analog of what in the
characteristic 0 case is (1=t!)@t=@X ti , where @
t=@X ti is the partial dierentiation of order
t with respect to Xi. The ring D(R; k) is a free left (as well as right) R-module on all
possible products Dt1 ;1   Dtn; n and Dj(R; k) is the free left (as well as right) R-module
on all products Dt1 ;1   Dtn; n with t1 +   + tn  j [3, 16.11.12].
(e) Let R be as in (d) above and let R1 be the completion of R with respect
to an ideal m. As in (c), each  2 Dj(R; k) extends uniquely to an element 0 2
Dj(R1; k). In particular, we get elements D0t; i 2 Dt(R1; k) which are characteristic-free
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analogs of (1=t)!@t=@X ti . Since R is a nitely generated k-algebra, it follows from (c)
that the R1-module homomorphism j(R;m) :R1 ⊗R Dj(R; k)
r⊗7!r0−−−−!Dj(R1; k) is an
isomorphism. Hence Dj(R1; k) is the free left (as well as right) R1-module on all
products D0t1 ;1   D0tn; n with t1 +    + tn  j and the ring D(R1; k) is the free left (as
well as right) R1-module on all possible products D0t1 ;1   D0tn; n.
According to Remark 1a, Rf has a natural structure of D(R; k)-module for every
f 2 R. In Theorem 2 below we have collected what to the best of our knowledge are
the only three types of rings R about which it is currently known that Rf, for every
f 2 R, has nite length in the category of D(R; k)-modules. In this paper Theorem 2
is used only in the proof of Corollary 3; in fact only parts (b) and (c) of Theorem 2
are used, part (a) is included for completeness. Currently available proofs of the three
parts of Theorem 2 are very dierent from each other and are not characteristic-free.
Theorem 2. If f 2 R; then Rf has nite length in the category of D(R; k)-modules in
each of the following three cases:
(a) R is a regular nitely generated k-algebra and char k = 0 [2].
(b) R = k[[X1; : : : ; Xn]] is the ring of formal power series in a nite number of
variables with coecients from k and char k = 0 [2; 3:3:2].
(c) R is a regular nitely generated algebra over the ring A= k[[X1; : : : ; Xn]] with
char k=p> 0 and R=A⊗A R is regular; where A= k1=p1 [[X1; : : : ; Xn]] is regarded
as an A-algebra via the inclusion A ! A induced by the natural inclusion k !
k1=p
1
[6; 5:9].
Corollary 3. If R is the completion of a polynomial ring k[X1; : : : ; Xn] at a maximal
ideal m; then Rf; for every f 2 R; has nite length in the category of D(R; k)-modules.
Proof. If char k = 0, then R is a ring of formal power series in n variables over
some eld extension of k, so we are done by Theorem 2b. If char k = p> 0, then
R is nite over A = k[[Y1; : : : ; Yn]], where Y1; : : : ; Yn 2 k[X1; : : : ; Xn] generate m and
R= k1=p
1
[[Z1; : : : ; Zn]], where Z1; : : : ; Zn generate the radical of the extension of m in
k1=p
1
[X1; : : : ; Xn] (which is a maximal ideal of k1=p
1
[X1; : : : ; Xn] and therefore generated
by n elements), so we are done by Theorem 2c.
Corollary 30. If R=k[[X1; : : : ; Xn]] is the ring of formal power series in a nite number
of variables over k; then Rf; for every f 2 R; has nite length in the category of
D(R; k)-modules.
Proof. R is the completion of k[X1; : : : ; Xn] at the maximal ideal (X1; : : : ; Xn).
It is worth pointing out that under the assumptions of Corollary 3, R is isomorphic to
a ring of formal power series in n variables over the eld K=R=m, by one of Cohen’s
structure theorems for complete rings. There is a natural embedding k K which makes
K a nite extension of k. If this extension is separable, there exists a coecient eld
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K R containing k in which case it is easy to show that D(R; k)=D(R; K). Thus, Corol-
lary 3 follows from Corollary 30 in this case. However, if K is not separable over k,
there may not exist a coecient eld of R containing k, so in this case Corollary 3
does not reduce to Corollary 30. Thus, Corollary 3 covers a more general situation than
Corollary 30.
Remark 4. If I R is an ideal generated by elements f1; : : : ; fs 2 R and M is an
R-module, the local cohomology module HiI (M) is the ith cohomology module of the
complex
0! M !
M
i
Mfi !
M
1i<js
Mfifj !    ! Mf1fs ! 0:()
If M is a D(R; k)-module, () is a complex in the category of D(R; k)-modules
[5, 1.3].
2. Proofs of (ii) and (iii)
Let C(R) be the smallest subcategory of the category of D(R; k)-modules which
contains all modules of the form Rf, for all f 2 R, and is closed under formation of
subobjects, quotient objects and extensions.
Lemma 5. (a) If M is an object of C(R); then so is Mf; for every f 2 R.
(b) If M is an object of C(R); then so is T (M) for every T . In particular; T (R)
is an object of C(R).
Proof. Let the full subcategories Cn(R) of C(R) be dened inductively as follows: the
objects of C0(R) are the modules Rf and the objects of Cn(R) are the subobjects, the
quotient objects and the extensions of the objects of Cn−1(R). Clearly, each object of
C(R) belongs to some Cn(R).
(a) It is enough to prove that if M is an object of Cn(R), then so is Mf. We use
induction on n. If n=0, then M =Rg, where g 2 R, so Mf=Rgf is an object of C0(R).
If n> 0, then M is either a subobject or a quotient object of an object N of Cn−1(R)
in which case Mf is a subobject or a quotient object of Nf, or M is an extension of
two objects N 0 and N 00 of Cn−1(R), in which case Mf is an extension of N 0f and N
00
f .
By induction, Nf; N 0f and N
00
f are objects of Cn−1(R), so Mf is an object of Cn(R).
(b) If T = Tt      T1, by induction on T it is enough to prove that T1(M) is an
object of C(R), i.e. it is enough to consider the case where T is either HiY (−), or
the kernel, image, or cokernel of some arrow from (). Since C(R) is closed under
formation of subobjects, quotient objects and extensions and () is an exact sequence
in the category of D(R; k)-modules, it is enough to prove that HiY 0(M) and H
i
Y 00(M)
are objects of C(R), i.e. it is enough to consider the case where T = HiY (−) with Y
closed. If Y is dened by an ideal I = (f1; : : : ; fs), then T (M) =HiY (M) =H
i
I (M) are
the homology modules of the complex (). Since each Mfi1 fij is an object of C(R)
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and C(R) is closed under formation of subobjects and quotient objects, the homology
objects also are in C(R).
Corollary 6. Let k and R be such that Rf has nite length in the category of
D(R; k)-modules for every f2R. Every object of C(R) has nite length in the cat-
egory of D(R; k)-modules. In particular T (R) has nite length in the category of
D(R; k)-modules for every T .
Proof. Let M be an object of Cn(R). We use induction on n. If n= 0, then M = Rf,
so we are done by assumption. If n> 0, then N is either a subobject or a quotient
object of an object N of Cn−1(R), in which case the length of M is bounded by the
length of N , or M is an extension of two objects of Cn−1(R), in which case its length
is bounded by the sum of the lengths of these two objects.
Corollary 7. Let k and R be such that Rf has nite length in the category of
D(R; k)-modules for every f2R and let M be an object of C(R). The set of the
associated primes of M is nite. In particular; for every T; the set of the associated
primes of T (R) is nite.
Proof. We claim there is a nite ltration 0 =M0M1   Mi =M of M in the
category of D(R; k)-modules such that Mj=Mj−1, for each j, has only one associated
prime. Indeed, let P1 be a maximal element in the set of the associated primes of M .
Then H 0P1 (M)M is a non-zero D(R; k)-submodule of M and has only one associated
prime, namely, P1. Set M1 = H 0P1 (M). Let P2 be a maximal element in the set of the
associated primes of M=M1. Then H 0P2 (M=M1) is non-zero and has only one associated
prime, namely, P2. Set M2 to be the preimage of H 0P2 (M=M1) in M . By Corollary 6,
M is Noetherian, so this process eventually stops. This proves the claim.
The set of the associated primes of M is contained in the union of the sets of the
associated primes of all Mj=Mj−1. But each Mj=Mj−1 has only one associated prime
and the number of these quotients is nite.
Proof of (ii). Let m be a maximal ideal of R and let R^ be the completion of R with
respect to m. It is enough to show that the set of the associated primes of the R^-module
R^⊗R T (R) is nite.
If Y SpecR is a locally closed set, let Y^ Spec R^ be its preimage. If T is either
HiY (−), or the kernel, image, or cokernel of some arrow of () and M is an R-module,
then R^⊗RT (M)=T^ (R^⊗RM), where T^ is a similar functor on the category of R^-modules
dened via () with Y 0; Y and Y 00 replaced by Y^ 0; Y^ and Y^ 00. By induction on t, if
T = Tt      T1, then R^⊗R T (M) = T^ (R^⊗R M), where T^ = T^ t      T^ 1. In particular,
R^⊗R T (R) = T^ (R^), i.e. we can assume R to be complete local.
Since R contains a eld, R = K[[X1; : : : ; Xn]], where K is some eld, by one of
Cohen’s structure theorems. Now we are done by Corollaries 30 and 7.
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Corollary 8. Let R = k[[X1; : : : ; Xn]] and let M be an object of C(R). Then all the
Bass numbers of M are nite. In particular; for every T; all the Bass numbers of
T (R) are nite.
Proof. Let P be a prime ideal of R of height h. After a possible change of variables,
setting R0=k[[Xn−h; : : : ; Xn]], we can assume that P\R0=0 and R=P is a nite R0-module.
Let K be the fraction eld of R0, let R00=K[X1; : : : ; Xh]RP and let P00=R00\PP . Then
P00 is a maximal ideal of R00 and cRP=dR00P00 . Let D0t; i 2 D(R; k) be the characteristic-free
analog of (1=t!)@t=@X ti , as in Remark 1e. Let DD(R; k) be the R-subalgebra generated
by all D0t; i with 1  i  h. Then D(cRP; K)=cRP⊗RD, because by Remark 1d, D(R00; K)
is generated as an R00-algebra by the restrictions of D0t; i(1  i  h) to R00 and, by
Remark 1e, D(cRP; K) =cRP ⊗R D(R00; K), considering that cRP =dR00P00 .
There is a functor  : D(R; k)-mod
M 7!bRP⊗RM−−−−−−!D(cRP; K)-mod with the D(cRP; K)-module
structure on cRP⊗RM dened by (r⊗x)=iri⊗i(x), where x 2 M;  2 D(cRP; K); r; ri 2cRP; i 2 D and the equality   r =iri ⊗ i holds in D(cRP; K) =cRP ⊗RD. Since cRP is
a at R-module,  preserves submodules, quotient modules and extensions and since
(Rf) = (cRP)f, we conclude that  takes C(R) to C(cRP).
We claim that if M is a D(R; k)-module which is an object of C(R) and PR is a
minimal prime in the support of M , then the Bass number 0(P;M) is nite. Indeed,
0(P;M)=0(P^P^ ;cRP⊗RM). Since cRP⊗RM is a D(cRP; K)-module and cRP is the comple-
tion of a polynomial ring R00 at a maximal ideal, it follows from
[9, Lemma (c)] that cRP ⊗R M is the direct sum of copies of HhP^(cRP) and, since 
takes C(R) to C(cRP), it follows from Corollary 3 that the number of copies is nite.
Since 0(P^P^ ; H
h
P^
(cRP))=1, it follows that 0(P^P^ ;cRP⊗RM) equals the number of copies
of Hh
P^
(cRP). This proves the claim.
We need the following result from [5]:
Lemma. (Lyubeznik [5, 1.4]). Let P be a prime of R and let M be an R-module
such that HiP(M)P are injective for all i. Then i(P;M) = 0(P;H
i
P(M)).
If M is a D(R; k)-module, then so is HiP(M) and it follows from the claim on
page 8 of [7] that HiP(M)P is an injective RP-module, i.e. the hypothesis of
Lemma [5, 1.4] is fullled. If M 2 C(R), then HiP(M) 2 C(R), so the Bass numbers
of M are nite by Lemma [5, 1.4] and the above claim.
Proof of (iii). If M = T (R), it follows from (i) that HiP(M)P = H
i
P(T (RP)) is an
injective RP-module, i.e. the hypothesis of Lemma [5, 1.4] is fullled. Hence it is
enough to prove that 0(P;H iP(T (R))) is nite for all P. Setting H
i
P(T (−)) to be a
new T , it is enough to prove that 0(P; T (R)) is nite. Localising and completing at
P, we can assume that R is complete local. Now, we are done by Corollary 8.
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